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The s t eady - s t a t e  heat  flow through an aggrega te  of pa r t i c l e s  in a d i so rde red  a r r a n g e m e n t  
is  analyzed.  A re la t ion  for calculat ing the effect ive t he rma l  conductivity of such an a g g r e -  
gate is  der ived  and compared  with exper imenta l  data.  

Many r e s e a r c h e r s  have a t t empted  to desc r ibe  the laws which govern the heat  t r a n s f e r  in aggrega tes .  
The model  of a eomminut ion where  the t he rma l  flux l ines  have a uni form spat ial  d is t r ibut ion was analyzed 
ea r l i e r .  The bending of these  l ines  in a r ea l  sy s t em was  accounted for  by ass igning  an appropr i a t e  geo-  
m e t r i c a l  shape  to the pa r t i c l e s :  disks [1], cubes [3], pa ra l l e l ep ipeds  [2], spheres  [5, 6], hollow br icks  of 
square  c r o s s - s e c t i o n  [7, 8], etc. ,  with ce r t a in  spat ial  d is t r ibut ion pa t t e rns .  The re la t ions  for calculat ing 
the effect ive t h e r m a l  conductivity of an  aggrega te  a r e  thoroughly s u m m a r i z e d  in [21, 20, 18, 8]. A c o m -  
pa r i son  between exper imenta l  data and calcula ted r e su l t s  [20] shows wide d i sc repanc ie s .  An a t t empt  will 
be made  now to ana lyze  the heat  t r a n s f e r  in an aggrega te  by taking into account  the random or ienta t ion of 
solid p a r t i c l e s .  

An aggrega te  of comminuted m a t e r i a l  usual ly  contains pa r t i c l e s  of d i f ferent  s izes  and shapes  in a 
d i so rde red  a r r a n g e m e n t .  In a uni form s t eady- s t a t e  t he rma l  field the the rma l  flux l ines in the aggrega te  
follow d ive r s e  pa t t e rns .  We will cons ider  the heat  t r a n s f e r  through an aggrega te  under  mode ra t e  p r e s s u r e s  
and t e m p e r a t u r e s ,  when the heat  exchange within the solid pa r t i c l e s  as  well  as  in the gas phase  can be d e -  
s e r i b e d b y t h e  Fo u r i e r  equation. We se lec t  a plane e lement  of the aggrega te  whose thickness  is on the o rde r  
of a few p a r t i c l e s .  The mean  heat  flux through such a l aye r  e lement  is 

< q >  = < ~ > <  grad T > .  (1) 

The b racke t s  < > designate  an a v e r a g e  over  the volume of the e lement .  We next  introduce a s tep function 
s whose value is  unity within the gaseous in te r s t i ces  and zero  within the solid pa r t i c l e s .  The s t eady - s t a t e  
hea t  flux through an aggrega te  of eomminuted  ma te r i a l  may  be e x p r e s s e d  by the following re la t ions:  

in the solid m a s s  

q (1 - -  s) = ~,~ grad O, (2) 

in the gaseous m a s s  

(is = kgrad t. 

Af te r  ave rag ing  over  the volume of a l aye r  e lement ,  we obtain for  the gas 

< q s >  = ~,< gradt :>, 

and for  the pa r t i c l e s  

< q (1 - -  s) > = ~ < grad 0 > .  (3) 

On the le f t -hand side of the equation we have the a v e r a g e  value of the produc t  of two functions. As is well  
known, this quantity can be rep laced  by the product  of the a v e r a g e  values of each function plus the produc t  
of their  deviat ions f rom thei r  r e spec t ive  a v e r a g e  value 
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T A B L E  1.  T h e r m o p h y s i c a l  C h a r a c t e r i s t i c s  of  A g g r e g a t e s  a n d  
T h e i r  E f f e c t i v e  T h e r m a l  C o n d u c t i v i t i e s  

~,~ X-  ~ r "(A Material 

z~  ~ ~ = 

1 4 
2 5,04 

3 7,3 
4 11 

5 34,1 

6 39,3 
7 41,5 
8 43,6 

9 52,5 
10 68 

11 66,6 
12 92,8 
13 I36 

14 151 
15 156 

16 184 
17 700 

18 945 
19 I180 
20 1260 
21 1460 
22 160 
23 2450 
24 2770 
25 2780 
26 I 420 
27 115500 

<~',> ~,= 

3 4 

0,087 0,1 
0,097 0,126 

0,095 0,19 I 
0,072 1 0,278 

0,523 2,1 

0,152 1,51 
0,13 1,04 
0,18 1,09 

0,44 1,37 
0,234 1,09 

0,291 [ 2 
0,0991 1,51 
2,34 126,2 

0,695 [ 9,3 
1,0 28 

2,18 35 
0,655 [ 26,5 

0,42 } 30,2 
0,493 34,3 
0,418 t 34,3 
0,52 I 38,4 
0,203 4 
0,37 38,4 
0,206 74,3 
0,195 69,5 
0,204 [ I0,5 
0,189 1388 

0,6 
0,51 

0,4 
0,88 

0,36 

0,71 
0,61 
0,4 

0,35 
0,4 

0,36 
0,71 
0,37 

0,42 
0,38 

0,35 
0,38 

0,42 I 
0,417 
0,642 
0,38 
0,54 
0,38 
0,66 
0,59 
0,54 
0,81 

0,85 ] 0,61 
0,8641 0,9~ 

0,621[ 2,5~ 
0,677 I- 0,6 

0,75 } 0,87 

0,67 I- 0,13 
0,64 [ 0,0~ 
0,705[ 0,7c 

0,8841 o,o~ 
0,865 I- 0,I1 

0,Z5 / 0,64 
0,774 I- 0,4~ 
0,803] 0,I~ 

0,807} 0,04 
0,72 I I ,5~ 

! 
0,765[ 0,4~ 
0,85 ]--0,17 

0,82 ]--0,I 
0,87 --0,31 
o,8451--0,23 
0,87 [--0,3 
0,78 l--O, 1~, 
0,888[--0,3~ 
0,7761--0,3,1 
0,784[--0,2{~ 
0,762]--0,13 
0,84 J 1,6 

0.071 
0.341 

I ,  1151 
--0,721 

--0,481 

--0.351 
--0.3 I 

0.151 

--0.66[ 
--0.44l 

0.0 i 
--0.581 
--0,281 

--0,25l 
0,55[ 

~o, 12t 
--0.491 

--0,44[ 
--0,561 
--0,52t 
--0.491 
--0,461 
--0,561 
--0,621 
--0.491 
-0,421 
-0 .~  i 

a i r -  Teflon 
air-polypropyIene 

air-Plexiglas balls 
air-polyethylene 

a i r -  ZrO z t = 600" C 

CH~--diatomic earth 
air-charnotte 
air-glass bails 

air-quartz sand 
COz-glass balls 

a i r -ZrO z t =I00"C 
CO~-diatomie earth 
hydrogen-steel bails 

air-Al~Og t:= 600" C 
o i l - i e ad  bal ls  

hydrogen-lead balls 
CF4--steel balls 

a i r-Al20 ~ t =100"C 
a i r - lead  bails 
a i r - lead  balls 
a i r -s tee l  balls 
air-maRnesite. 
CO 2-ste~el balls 
air--iron 
air--ferrotitanium 
air-corundum 
air-copper 

[22] 
[22] 

[81 
[221 

[1o] 

[15l 
[221 
[41 

[8] 
[12] 

[1o] 
[151 
[4] 

[1o] 
[181 

[16] 
[16] 

[1o1 
[17] 
[141 
U61 
[221 
[161 
[221 
[22] 
[221 
[22] 

< q s > = < q > . < s > +  ( q 's '>,  

< q ( 1  - - s ) >  = < q > <  1 - -  s > - - < q ' s '  >. (4) 

Generally, the thermal conductivity of the particles is much greater than that of the gas, and the thermal 
flux lines crowd at the areas of contact between particles. As a result, even when a layer element is only 
several particles high, all flux lines will gradually pass through the gas interstices and the particles. There 
will not be a single flux line ill file aggregate which passes only filrough the gas volume or only through the 
solid phase. It follows, therefore, that the mean temperature gradient across a layer element will be equal 
to the sum of the temperature gradients across the gas volume and across the solid volume: 

grad T ~> = ~ grad t :> -[- ~ grad 0 ~ .  (5) 

We solve Eqs. (3), (4), (5) simultaneously. After a few transformations, we finally arrive at 

7% - ( ~ - - - I I  < q ' s ' ~ .  )~, < l - - s >  (6) 
< ~ > < s >  / < q > < s >  + ~. < s ~  

The quantity < s > in Eq. (6) is the porosity and it expresses the fraction of total volume occupied by gas in 

file aggregate 

e = <2 s > := ~- - ,  sdV. (7) 

V 

On t h e  r i g h t - h a n d  s i d e  of  Eq .  (6) w e  h a v e  the  q u a n t i t y  < q ' s '  > / <  q > < s > = r ,  w h i c h  i s  f i le c o r r e l a t i o n  
c o e f f i c i e n t  b e t w e e n  t h e  t h e r m a l  f l ux  a n d  the  s o l i d - p h a s e  g e o m e t r y  in  t he  a g g r e g a t e .  I t  e x p r e s s e s  h o w  s t r o n g -  
l y  f i le t h e r m a l  f l u x  l i n e s  a r e  c o u p l e d  to  t he  s h a p e  a n d  f i le  s p a t i a l  a r r a n g e m e n t  of  the  p a r t i c l e s .  
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Equation (6) can be rewr i t t en  as  

< ~ > 8  s ~ + - - I  r. (8) 

I t  now r e l a t e s  the effect ive ther r r~ l  conductivity < X > of an  aggrega te  to the the rmophys ica l  c h a r a c t e r i s t i c s  
of the sy s t em.  Since the t he rma l  flux l ines  a r e  s t rongly  coupled to the so l id -phase  geomet ry ,  the value of 
the co r r e l a t i on  coeff icient  should be nea r  unity. The value of this coeff ic ient  can be de te rmined  f rom tes t  
data.  Tab l e  I shows the exper imenta l  data  which have been obtained by var ious  r e s e a r c h e r s  and which cove r  
a wide range  of the rmophys ica l  p a r a m e t e r s  desc r ib ing  the comminuted  aggrega te :  the re la t ive  the rma l  con-  
ductivity (4 < Z4/A < 15,500), the po ros i t y  (0.36 < e < 0.88), the pa r t i c l e  s ize  (50 ~m < d < 6 mm) ,  and the 
l aye r  t e m p e r a t u r e  (20-600~ At the s a m e  t ime,  Table  1 gives values  of the co r r e l a t i on  coeff icient  ca l cu -  
la ted f rom exper imenta l  data and f rom Eq. (8). The calcula ted value is constant  and nea r  unity for  al l  tes t  
condit ions.  The ave rage  value of the co r r e l a t i on  coeff icient  is  0.785with a va r i ance  (standard deviation) 
8.8%. Cons ider ing  al l  this ,  Eq. (8) may  be wr i t t en  as  

~ >  = ~.__s i 

+ ~ -  - -1  0.785 

With this r e l a t ion  one can calcula te  the effect ive t he rma l  conductivity of an aggrega te  over  a wide 
range  of va r i a t ions  in the the rmophys ica l  p a r a m e t e r s  of the fluid and of the solid component  ~4 /~  > 4, 0.35 
< e < 0.9. In o r d e r  to explain the d i f ference  between exper imenta l  data and the calculat ion fo rmula ,  we 
find the di f ferent ia l  effective conductivity f rom Eq. (8) and,  a f t e r  a few t r ans fo rma t ions ,  the e r r o r  in d e t e r -  
mining the effect ive thermal  conductivity of an aggrega te  

r 
= 8~, (10) 8<~> k 1 - -  8 

k - -  I 8k 

where  6r  is the r e l a t ive  e r r o r  in calculat ing the co r r e l a t i on  coeff ic ient  (the var iance) .  The t he rma l  con-  
ductivi ty of the solid phase  is usual ly  high and the ra t io  k = A4/~ > 10. The poros i ty  of a l aye r  va r i e s  b e -  
tween 0.35 and 0.9 and,  the re fo re ,  ( 1 - e ) / 8  is a lways  s m a l l e r  than 2. I t  follows that for  k -* 

r 
8<~> -~ 1 - -  r 6r= 32%. 

Thus ,  the m e a n - s q u a r e  e r r o r  in calculat ing the effect ive t he rma l  conductivity of an aggrega te  by 
Eq. (9) does not exceed 32%. 

We will now c o m p a r e  the exper imenta l  data with the ca lcula ted  values found by other  r e s e a r c h e r s .  
The  calcula t ion fo rmulas  suggested by a numer  of au thors  a r e  compared  in [20], where  it  is  shown that the 
fo rmulas  by Dul 'nev  [20] and Bogomolov [5] yield the c lo se s t  a g r e e m e n t  between theore t ica l  and e x p e r i m e n -  
tal va lues .  These  fo rmulas  together  with the exper imenta l  data a t  hand were  checked here .  The calculated 
r e su l t s  a r e  given in Table  1, where  the subsc r ip t s  20 and 7 r e f e r  to values  of effect ive t he rma l  conductivity 
obtained by the fo rmulas  of [20] and [7] r e spec t ive ly .  

The Dul 'nev formula  does not yield many  points  which have  to be re jec ted ,  although the calculated 
values  come  out lower  than the exper imenta l  ones over  the ent i re  range  of ~4/R values .  The s tandard  de -  
via t ion of exper imenta l  data f rom calcula ted ones is 51%. 

The Bogomolov formula  appl ies  fa i r ly  genera l ly  to exper imenta l  data for aggrega tes  of mine ra l  m a -  
t e r i a l .  L a r g e  deviat ions a r e  obse rved  for  pa r t i c l e s  of i r r e g u l a r  shape a t  high values of Z4/)t (No. 27 in 
Table  1) and a t  low values  of ~ 4 / ~  (Nos. 1, 2, 3) and for  a l e a d - o i l  s y s t e m  (No. 15). Consequently,  the 
s tandard  deviat ion between tes t  and calcula ted data is r e l a t ive ly  i a rge  he re  and equal to 77%. 

Thus ,  i t  m a y  be a s s e r t e d  that  Eq. (9) yields  a be t te r  approx imat ion  of exper imenta l  data.  I t  is r e c -  
ommended f o r  calculat ing the effect ive the rma l  conductivity of agg rega t e s  over  a wide range  of var ia t ions  
in the t he rmophys i ca l  pa r a rne t e r s  of the sys t em:  0.35 < 8 < 0.9, Zr > 4. 

I t  is to be  noted he re  that Eq. (9) r e m a i n s  vatid a t  var ious  t e m p e r a t u r e s  and p r e s s u r e s  in the sy s t em,  
as  long as  the hea t  t r a n s f e r  through the contact  points  is negligibly smal l  while the heat  t r a n s f e r  through 
the gaseous i n t e r s t i ce s  and the m a t e r t a l  is effected by conduction, i .e . ,  as  long as  the Knudsen number  is 

suff iciently sma l l  Kn < 10 "~. 
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NOTATION 

is the effective thermal conductivity of an aggregate; 

are the thermal conduetivities of the gas and the particles respectively; 
are the temperatures of the gas and the particles respectively; 
is the temperature of the aggregate; 
is the thermal flux 
is the "signum" function of the gas; 
is the poros i ty  of the aggregate ;  
is the averaging over  the volume of an element. 
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